arXiv: 0711.4637v6[nucl-th] 



> 



A nonperturbative parametrization and scenario for EFT renormalization 

Ji-Feng Yang 

Department of Physics, East China Normal University, Shanghai, 200062, China 

(Dated: March 10, 2009) 

We present a universal form of the T-matrices renormaUzed in nonperturbative regime and the 
ensuing notions and properties that fail conventional wisdoms. A universal scale is identified and 
shown to be renormalization group invariant. The effective range parameters are derived in a 
' nonperturbative scenario with some new predictions within the realm of contact potentials. Some 

; , controversies are shown to be due to the failure of conventional wisdoms. 
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' Applications of the effective field theory (EFT) methods now prevail in physical hterature. In particular, 

the applications of the EFT approach to nucleon systems has been producing many encouraging results 
pointing towards a promising field theoretical framework for nuclear system. However, the nonperturbative 
' nature makes the renormalization of such EFT's rather nontrivial and still creates controvsersies0SI3| to be 

settled. Sufficient evidences have been accumulated that the conventional wisdoms for renormalization cease 
to apply straightforwardly in nonperturbative regimes. This is not unexpected as they are established within 
perturbative frameworks. Therefore it is desirable to reveal novel notions and aspects of renormalization that 
deviate from the conventional wisdoms. In particular, it is desirable to obtain more concrete parametrization 
of the prescription dependence of the objects (here, the T-matrix) in nonperturbative regimes as much as 
^ ' possible. 

(~| I To this end, we work out the rigorous solutions of the T-matrices for low-energy nucleon-nucleon (NN) 

scattering that solve the Lippmann-Schwinger equation (LSIS) in all partial wave channels, using contact 
potentials constructed according to the chiral EFT approach Q- The ^5*0 channel has been worked out in 
Ref. up to chiral order A = 4. Here, we present the universal forms for both uncoupled and coupled 
' channels. Then it is immediate to see some features and notions that are intrinsically nonperturbative 

^T) , and deviate from the conventional wisdoms of renormalization within perturbative frameworks. These are 

' important conceptual gainings that could resolve most of the controversies about the applications of EFT 

I in nonperturbative regimes. The notions and scenario demonstrated below are naturally illuminating for 

any problem that is beset with nonperturbative divergences, especially in the systems governed by singular 
short-distance interactions. In addition, the analytical results and scenario presented here could also be 
. seen as a field-theoretical solution to the universality of large scattering lengths in atomic and molecular 

' systems [7]. 

According to Weinberg[5|, the EFT approach to NN scattering consists of two steps: First, the potentials 
for NN scattering are systematically constructed using chiral perturbation theory (xPT) as the relevant 
EFT up to certain chiral order A: ©({p, m^rl'^/A'^) with A being the upper limit for low energy NN 
^ i scattering (e.g., A ~ 0.5GeV); Second, the nonperturbative NN scattering T-matrices could be obtained by 

solving the LSE with the potential constructed in the previous step. As LSE is hard to solve rigorously for 
pion-exchange potentials, we first work with contact potentials (EFT(;7f)) that facilitate rigorous solutions 
where the LSE for L-wave reduces to an algebraic form by employing the following factorization trick or 
ansatzQ: 

A/2-L 
A/2-L 

T^q^iq')^ E n,q^\qT' ^q''{q')''U^{q)rU{q'), (1) 

with U{q) = {l,q^,q'^, ■ ■ ■ ,q'^^^^)^ being a column vector and q,q' being the external off-shell momenta. 
This is because for pionless interactions, the NN potential up to order A degrades into contact interactions 
that become a polynomial in terms of external momenta up to power A. Here A denotes the real symmetric 
matrix comprises of the contact couplings ([C...]) as V is symmetric with respect to the external momenta 
q and q' . For example, in ^Sq channels at A = 2, we have. 
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Then the algebraic LSE takes the following form: 

t{E) + XX{E)t{E), (2) 

where the matrix T{E) comprises of the integrals arising from convolution. Note that r and T are symmetric 
matrices as A is. As I is complex, so is r. A general element of X can be parametrized as follows 



( r rl'^h h.2(L+i+]-2) ^ L+i+ j-2 

T. -(E) =1 I - V ^ ^^„2{L+i+3~7n-2) _j- 2{L+i+j-2) (n^ 

A J [^) -y (2^)3 E-kyM + tej^^ -^2"+^^ ' ^■^> 

M 

Jo =Jo + i— p, (4) 

where the subscript R denotes any possible regularization and/or renormalization prescription rendering 
the integrals finite and [Jq, J2m+i] being the corresponding parametrization. This algebraic LSE is easy to 
solve. Then, for any uncoupled partial wave channel, the on-shell T-matrices could be readily obtained from 
T = p^^U'^{p)tU{p) with p = ^/ME which can be simplified to the following form: 

J_^j , NLi[C...],[J2„,+l],p^) 

Tl "^i?L([C...],[J2™+l],p2)p2L' ^> 

where Nl and Dl are polynomials in terms of the following real parameters: the couplings [C...], the 
constants [J2m+i,"T^ > 0] and p^. While for coupled channels, the inverse of the on-shell T-matrices would 
take the following form: 



-^.7-l,./-l — -/Vj-l, J+1 



Again \N...^D..\ are real polynomials in terms of [C...], [J2rn+i,TO > 0] and p, hence (chiral) perturbative in 
nature. Note that unitarity is automatically satisfied here. At this stage, both the real part of Iq and the 
constants [J2„i+i,m- > 0] are prescription dependent. The overall factors oi p^ " have been factored out so 
that the expansion of [iV..., D..\ in terms of p^ starts from pp . For example, the results for ^S\—^D\ at chiral 
order A = 4 read, 

T-l T T ^ A A - ^ ( ^^P^^ -T^sdP^ \ 

T35,-3^,=^oI + A3s,-3^^, A3s,-..z,, = ^ j (7) 

where Do. 2 = -D2.2 = -Do.o and for convenience we introduced the following notations: A/i = A^o.Oj T^i = 
Z)o,0 7 'Dsd = ^"0,2, 2^0 = ^^2,2- For details we refer to a forthcoming report Q. 

Eqs.(l5]) and ([5]) exhibit the following important features: (1) First, the same complex parameter Xq appears 
in all channels in the same isolated position in 1/T or and the rest parts of 1/T or T^^ are independent 
of Xo, i.e., X{) is "decoupled" from [C...] and [J2m+iifTi > 0] in every channel*. This structure is most 
pivotal. (2) Second, with the potentials truncated at finite order, only finite many of [J...] (or finite types of 
divergences) enter the game, in spite that there are formally infinite many divergent items in the iteration 
of LSE. (3) Both [N...] and [D...] are chiral perturbative (or perturbative in the corresponding EFT). 

Since the p{— V M£^)-dependence of the on-shell T-matrices (and hence the inverse of T-matrices) is 
physical, the prescription variations (i.e., variations of [J- -]) must be compensated by that of the couplings. 
This is nothing else but the general principle of renormalization group (RG) invariance, then appropriate 
combinations of the coefficients of p in [N...] and [D...] must be RG invariants. The most outstanding point is 
that, the isolation or "decoupling" of 2o from [C...] and [J2m+i,''n > 0] makes itself a renormalization group 
invariant parameter in all channels, hence, Jq is a physical scaleQ. Therefore, To is in fact a fundamental 
and universal parameter in the low energy NN scattering, and Jq is no longer an ordinary renormalization 



* The rigorous proof of this point for ^5o channel has been given in Ref. which could be generalized to higher channels, we 
will give the detailed proof in a forthcoming report. 
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scale. Such a RG invariant quantity was also predicted in Wilsonian RG approach [l^, Vq, whose inverse is 
just — Re(Io) = ~Jo computed in the Wilsonian cutoff approach. This is not the only deviation from the 
conventional wisdoms for renormalization, according to which a divergent integral usually produces sliding 
scales that are physically meaningless within perturbative formulation. 

In perturbative framework, the couplings in the contact potential would get renormalized and " run" . At 
lowest order, similar notion is feasible in ^5*0 channel[Tl|: 1/T = Jq + iMp/(47r) + I/Cq = iMp/{ATr) + 
Mfi/{4:TT) + l/Co:fl,(^), where Jo + 1/Co = M^/{At:) + 1/Co;_r,(m) is R-G invariant as Nq is a constant here, 
actually A^o = 1- But at higher orders (e.g., A > 4), it is easy to see that the rational dependence of T- 
matrices upon p precludes the conventional wisdoms from being feasible, i.e., it is no longer possible to let the 
variations in the prescription parameters [J...] be readily absorbed into the couplings and let the couplings 
" run" . This point could be seen from the requirement that the appropriate combinations of the coefhcients 
of p in [N...^D...] should be RG invariant, which in turn imposes strong constraints upon the variations in 
the couplings [C...] and [J2m+i, m > Q\. {Jo is already excluded from the set of prescription parameters as it 
is an RG invariant scale now.) In fact, for at A = 4, the coefficients of the highest power term in Nq, Dq 
are respectively No;2 = CjJ^,Do^3 = —C^J^, which could not make the ratios A'o;2/-Ao;0 and Dq-s/Nq-o RG 
invariant at the same time, see Ref.^J. 

The second feature noted above engenders a novel notion of " finitencss" : Only a finite number of nonper- 
turbative divergences are to be removed in a manner preserving the functional dependence upon \C...] and p, 
which underlies the feasibility of renormalization with a few nonperturbative counterterms in Refs.[12l Il3l|. 
This 'finiteness' is a measure of nonperturbative renormalizability and not directly linked to EFT power 
counting. Hence nonperturbative counterterms (termed as "endogenous" in Ref.[6|) are not proportionate to 
perturbative ones that obey EFT power counting. This is in sheer contrast with perturbative renormalization 
programs, where consistency requires that the counterterms be introduced or constructed at exactly the same 
perturbation order as the divergent vertex in consideration. This is another place where the conventional 
wisdoms fail, usually interpreted as the "inconsistency" of Weinberg's power counting. We will return to this 
point later. This "finiteness" also underlies the feasilsility of the finite cutoff approaches fisl. ITgI. [TtI. ITsj . 

In fact the nonperturbative form of T-matrices and their RG invariance lead to an entanglement between 
the couplings and the prescription: They must be defined coherently in order to match physical boundaries. 
Then, the prescription must be appropriately defined after the couplings are given first. Below, to obtain 
unnaturally large scattering lengths and naturally sized effective range, etc., we suggest a simple and nat- 
ural strategy: The original EFT(xPT) power counting for potential construction are kept intact, i.e., no 
modification of the power counting rules of the couplings [Ca]; In the meantime, Jq and [J2m+i,"^ > 0] 
are so determined that physical boundary conditions are fulfilled. Then, to yield large (unnatural) S'-wave 
scattering lengths, the most 'natural' or simplest scenario would be as foUowsQ: 

CA~47r/(MA'^+i); Jq ~ AfA/(47r) ~ |l/Co|; J2™+i ~ M/i2'"+V(47r), m > 0, (8) 

with Co being an 5'-wave contact coupling at lowest order and /x of order ttt-tt or ^ lOOMeV. In a generic 
EFT, /i <C A. Thus, the only difference is with Jg. This is a "natural" scenario or choice as Jq is actually 
a fundamental and physical constant in the nonperturbative regime, no longer an ordinary renormalization 
scale. We will discuss other schemes in future works @. 

With the foregoing preparations, we could examine some important theoretical issues in A^A^ low energy 
scattering. First, let us consider some theoretical predictions. To this end, we calculate effective range 
expansions (ERE) of 1/T in various channels. We should remind that the following discussions are valid 
for contact potentials only, not directly applicable to the cases containing long range potentials such as the 
pion-exchange potentials for A^A^ systems. Later we will consider some speculations about such cases. 

Let us start with the uncoupled cases, where the general form of ERE oi 1/T reads: 

^ A 2Zj 11 ^ 

with a,re and [vk,k > 2] being functions of the couplings in corresponding channels and [Joi'^2m+i,TO > 
0]. However, unlike the rest of [J...], Jo contributes in each channel to only one of the ERE parameters 
{a, r-e, Vk,k>2} that is the coefficient of p^^l This is obviously due to the special status of the fundamental 
parameter Xq. Employing the scenario ([5]) we could qualitatively deduce that, all but one ERE parameters 
are naturally sized! The exceptional one might be unnaturally sized just because of the contribution of Jq. 
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TABLE I: Naturalness/unnaturalness of ERE parameters in uncoupled channels 



Channels 


natural 


(might be) unnatural 


'So 


{r^,Vk,k> 2} 


a 




{a, Vk,k>2} 


Te 


'D2?D2 


{a, Te, Vk,k > 3} 


V2 


■ ■ ■ (i > 3) 


{a, Te, Vk,k >2,k ^ L} 


VL 



The mechanism is simply that 



provided that the sign of J^l^^pi^L^' \p=o is opposite to that of Jq as closer analysis shows that ^-^f^^^^n^\p=o 
is of the same magnitude as Jq. These general conclusions are summarized in Table I. It is known that 
in ^Sq channel the scattering length is unnaturally large with the rest of ERE parameters being natural. 
Now, within the context of contact potentials, higher ERE parameters might also be unnaturally sized in an 
appropriate channel. These are new predictions. 

While in the coupled channels, one could find from Eq.® that the diagonal entries of T take the following 
form: 

where Jq enters into the rational terms, and hence precluding a clear naturalness picture of the ERE pa- 
rameters. However, using the scenario of ([5]) and the detailed contents of [A/^.., I?...], one could still arrive 
at modestly good judgements, the status of naturalness in the coupled channels is basically similar to that 
given in Table I. There might be some deviations as Jo now enters the rational terms, which would affect 
the status of some ERE parameters. But such influence would not be universal for all the ERE parameters. 
For example, through concrete calculations, one could find that in ^5*1 channel, is totally independent of 
Jo, a is most strongly influenced by Jq, while the rest of ERE parameters are only weakly affected due to 
the suppression just mentioned. More detailed analysis will be given in a forthcoming report Q. 

In earlier EFT treatments, the distinctive aspects of nonperturbative renormalization demonstrated above 
were not fully appreciated, leading to quite some debates[l] (for recent debates, see[l, H, Q). A number 
of different schemes were proposed in order to remove the 'inconsistency' of Weinberg's power counting^, 
[ill, [l^, with some " perturbative-like" expansion schemes being advanced [Til \\^. As is pointed out above, 
the inconsistency is in fact a misinterpretation of the failure of conventional wisdom of renormalization. 
Specifically, nonperturbative counterterms do not need to follow EFT power counting. Therefore, it is both 
difficult and unnecessary to maneuver a unified power counting^, [3|. The entanglement property means that 
the problems could well be resolved with appropriate choice of nonperturbative prescriptions constrained by 
physical boundaries or conditions. After all, the ultimate goal of any sensible scheme or prescription should 
be to approach the physical dependence of T-matrices upon p as far as possible. Thus, a (new) formally 
consistent power counting is not the full story: The nonperturbative prescription must be appropriately 
defined to match physical boundaries. For example, for a "perturbative-like" expansion scheme to work, the 
following two criteria must be satisfied: (1) The expansion converges; (2) Physical boundaries arc fulfilled. 
Both criteria are dependent upon prescription choice. To illustrate this, we expand 1/Tl in Eq. ([5]) as 
follows: 

J__ , l + '^^L PL., 1 , .^(SNl ^^„-2L 

with T° = (lo + (l/^L + Ai)p~^^)^^ being the starting nonperturbative amplitude. Then, convergence 
requires that \T10[5Nl/ D\,5Dl/ D^j^)p'~'^^\ <^ 1, which in turn demands a sophisticated renormalization 
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prescription after the couplings are given. Next, prescription must also be so chosen that fulfills physical 
boundaries. Therefore, it is a challenging task to find a prescription to fulfill the above two criteria. 

Evidently, the informative form of the T-matrices will inspire new investigations in the future. It would be 
interesting to explore the relations between the nonperturbative parametrization elaborated here and those 
in literature, for example, the subtractive approaches p!^ [Tsl. [20l . and the lattice approaches [2^. 

Now we conclude with the following remarks. In general, the ultimate goal of a field theoretical calculation 
in nonperturbative regime is to identify and parametrize all the elements that govern the physical behaviors 
of the corresponding objects, especially the elements hidden in divergences. To this end, we have achieved the 
following: First, a fundamental parameter masked by a divergent integral was identified and shown to be RG 
invariant and inherent in all channels; Second, universal forms of nonperturbative T-matrices with respect 
to prescription dependence were obtained in all channels in the case of contact potentials; Third, within 
the realm of contact potentials, a simple scenario led us to predict that all the scattering lengths except 
those in the ^'-channels' are natural, while higher ERE parameters like re,Vk,k > 2 might also be unnatural 
in appropriate higher channels; Fourth, some distinctive notions about nonperturbative renormalization 
were revealed along with the failures of the conventional wisdoms, providing a different resolution of the 
intriguing problem with Weinberg's power counting in the EFT approach of NN scattering. These conceptual 
gainings are significant from purely theoretical standpoint as nonperturbative renormalization is a challenging 
issue. Finally, we stress again that the notions and conclusions presented here are fairly general and hence 
illuminating for nonperturbative treatments of any systems dominated by short-distance interactions. 
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